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E/ Solve the following boundary value problem

2 \J
3—(2— + 9y = cost where y(0) = 1 and y(g) = 2. [CP 2016 Type]
Solution Here the given differential equation is
d2y
?g + 9_)! = cost , vad (1)

Taking Laplace transform of both sides of (1) we have,

L[i—z‘: + 9y] = L{cost]

d%y P
,L - +9L =
or {dt2 ] vl 1+p2
d - -
or, p2L{y) — py(0) — — +9y = £ > [where y = Ly}l
dtli-o 1+p
or, (p2 +9)y -—-pl-c= 1+Pp2 since y(0) = 1 and %t-o = ¢, say
= _ c+p p p c 3 1[ p p ]
OI', - + — + —_— + — p—
4 9+ p? 1+ p2)9+ p?) 9+ p? 3 9+p? 8|1+p% 9+p°

Taking inverse Laplace transform of both sides, we have,

_1-1]_P a3 i) p | _q1]_ P _
Y=L {9+P2} t3k {9+p2} * 8[ {1+P2} 9+ p*

= cos3t + %sin3t + %(cost — cos 3t)

1 7 c .
= 4 L _ - (2
2 cost + 2 cos3t + 3 sin 3t (

To determine c, substituting ¢ = % and noting y (%) = 2, we have,

(EJ =2= lws(z) + Zcos(3—”) + Esin(?—z)
Y2 8 2)7 8 2 3 2

or,--;— = 2 giving ¢ = —6.

Hence putting ¢ = —6 in (2), the required solution becomes :
y(t) = %aost + -;{-00531 — 2sin3t.

2 :
n/ Solve the equation ‘111_12{ + A%x = acoswt; given that x = ¢; and i“‘— = ¢, when
1=0. ‘

Solution Here the given differential equation is

2
gﬁ- + A%x = acoswt s 1)
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//_
Taking Laplace transform of the both sides of (1) we have

d’x 22¢l = L d*x 2 ap
Lk = g } lacoswt} or, L[d—t21+lL{x}= ]

" +p
dx - "
or, p'Lizt —px(0) = 1+ SR m‘f!afpz [where x = Lix())]

27 + A2X —pco—c¢y = —— [usi iti
or, P° X pPcp—c1=— 7 using the initial conditions]

Al ap
A2+ p9)x = + (pcg + ¢q)
or, ( p o2 +p? (pcy + ¢4
s ap Py +¢y p q A a p P )
r,X= + =C + —- + =
0 (A2 + p2)@? +p?) A%+ p? 0224p% 2 AZ4pt AE-dP w? +p? A%+ p?

Taking inverse Laplace transform from both sides, we have,

A Y ! JJ_p P }
x(t) = colu {—12+p2}+ 2L {A2+p2}+ Pt {w +p? A%+ p’

G . a
= coCosAt + 3 sinAt + PY IR (coswt — cosAt)

which is the required solution of the given differential equation.

nf{ Solve using Laplace transform (D? + 4)y = 4 given that y =1 and Dy =5

when ¢ = 0 ( = &d_t . ' [CP 2004, 2013)]

Solution Here the given differential equation is :
| (D% + 4)y =4 . (1)
tl Taking Laplace transform of (1) we have,

{ L{(D? + 4)y) = Li4)

E or, LID%) + 4L{y) = %

1

i

|

4
2 - - _Ji 4L = —
or, p“L{y} — py(0) o + 4L{y} B

| or,(p> + 4)Lly} — p1— 5 = — [using initial conditions]
’ p
or, (p? + 4)Liy) = 1:; +p+5

| +5
ST S
p(p*+4) p°+4

Taking inverse Laplace transform, we have
= 4 p+5 a1 P p+5
(t = L 1 - = L {_ —_ +
Yo pp?+4) p*+4 p pi+a pP+d

=L—1{l} L‘l{ 2 4} ~ 1+ 2gin2t
p }J +

which is the required solution.

[}
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n Solve +3 = dy + 2y = e%, given y(0) = 0 = y’(0) using Laplace transformation
[CP 2017]

method.

Solution Here the given differential equation is

42
dt—g+3dt+2y=e“ - (1)

Taking Laplace transform of both sides of (1) we have,
LiZY + 3 + 2y} = L{e™}

1
p+1

or, L[%} + 3L[%} + 2L{y} =

or, p2Liy} — py(0) — (0) + 3[pLi{y} — ¥(0)] + 2L{y} = ;%

or, >+ 38p + 2)Lly} -p-0-0 = p—i—l [using initial conditions]

1 1
(p+D(p>+3p+2)  (p+D%(p+2)

Taking inverse Laplace transform, we have,
-1 I S 11 1 1 .
)= (p+D*(p+2)] (p+1? (p+D(p+2)]

1 1 1 1 1 1
= -1 — + = -1 o —1{ } -1
L {(p+1)2 p+1 p+2} B {(p+1)2} L ps1f + L {p+2}

—2t

or, L{y} =

—tet—et+eZ=(t-1e’+e
Hence the required solution is :
yt)=(@t-1et+e d
n/ Solve by Laplace transformation :
L d
(D2 + D)x = 2, x(0) = 3,27(0) = 1, D= —. [CP 2018]

Solution Here the given differential equation is :

(D? + D)x = 2 ' .. (1)
Taking Laplace transform of both sides of (1), we have,

L{(D? + D)x} = L{2}
or, L{D?%] + L{Dx} = =

or, p?Lix} — px(0) — x’(0) + pLix} — x(0) = %

A

or, (p2 + p)Lix) —p83-1-38 = Using initial conditions]

©
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3 2
: 3 p +4p+2 3 4 2
= = +
or, Lix] pi(p+1) p+1 "~ pp+D " P*(p+1)
Taking inverse Laplace transform of both sides, we have,
3p% +4p+2 _ 3 4 2
Al ] il RPN o
x(t) = { 2(p+1) } {p+1+p(p+1)+p2(p+1)}

p+l p p+l p Cp(p+1)

2 4 1 2
=L-1{_2+_____+L _f2e2,
p° p p+tl p p+l p° b p+l
2 &
=L‘1{—2} +L-1{E +L‘1{ - }
p Jo) p+1

=2%+2+¢e”
Hence the required solution is : x(¢) = 2¢ + 2 + ™.

Wf Solve the initial value problem : (D? - 3D + 2)y = 1 - ¢*, wherey = 1 and

Dy=0whent=0andD—g—£

Solution Here the given differential equation is

D?-3D+2y=1-¢% D=2 | . (D)

Taking Laplace transform of both sides of (1), we have,
L{(D2 —3D + 2)y} = L{1 - €%}, M
or, L{D%} — 3L{Dy} + 2L{y} = L{1} - L{e*)

or, szly} _ py(0) — Dy(0) — 3[pLiy] — y(O)] + 2Liy) = % e xl

p—2
or, (p? — 3p+2y-p1-0+31=- p(p2— 5 [using initial conditions and y =L{yl
4 o p*-5p2+6p-2 _ (p-1(p*-4p+2)
Be-Dp-2y=p-3-70"5 " pp-2 P(p-2)
or, y - P —4p+2 1 1

1 —
pp-2°¢  2p Y 2p-2 7 (p-27°
Taking inverse Laplace transform from the both sides we have,

1 1
=7-1]_— -1 _ -1
=0 {29} 3L {p 2} = {(p—z)z}

Le., y(t) = E + %e?‘ te?, which is the required solution of the given differential equation.
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dy + 2y = 4¢** when

2
mf Using Laplace transform, solve the equation gd;f -3

»(0) = =3 and ( ) = 5.
pﬁ\ dx Jy-o
Solution Here the given differential equation is :

[CP 2014, 2013, 2009]

2,
_.Ci_J — d—y +23'=4€2t .-(1)

dx? dx
Taking Laplace transform of both sides of (1), we have,
d?y dy o
L&y 3. 2y) = Lide™) o, [ 2} 3L[ 21 4 2Liy} = 2

or, [p?Liy} — py(0) - ({%)ﬂo] _ 3[pLiy} — y(0)] + 2L{y} = ;_—E

or, 2 —3p + 2)Liy} - (@ - 3)(-3) -5 = ;% [using initial conditions]

or, (p —1)(p — 2)L{y} = f2 +5—3(p—3)=;% _3p+14

4 3p 14
Liyvl = - +
oy (p-l)(p—2)2 (p-D(p-2) (p-D(p-2)
_ 4 - 4 + 14 . 2(p-1)+(p—2)+3
T (p-2)? (p-D(p-2) (p-D(p-2 2 (p-DpP-2)
_ 4 w0 3.1 3.1 9 _ 1
T (p-27? (p-(p-2) 2 p-2 2 p-1 2 (p-D(p-2)
—_—
4'2(_1‘*;) 29(1_1)
T p-27 2 21
/’V—/’_
SOPRE R SE L I K
—_— ) . })’Q/
Taking inverse Laplace transform we have (p-2)
)4 16 13}
y0) =L ;227 p-2 p-1 Lo
— At02 _ 16 t— A2t — t Q <+
= 4te 16e? + 13¢' = 4e“(t — 4) + 13e 4'£’€‘Lb'f Ye 70

which is the required solution.

my Solve using Laplace transformation, the equation ‘cing + ¥ = sin3¢ when
dy
y(0) = 0, (d,J = 0. [CP 2014]
Solution Here the given differential equation is
2 J
93 4y = sin3t (D
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Taking Laplace transform both sides of (1) we have,

L[% +y) = Lisin3t)

d> _
poe ng;% +Liy} =

3
p2+9

3
p2+9

or, p2Liy) — py(0) - (%l—o + Lyl =

3
pr+

or, (2 + DLW} = [since y(0) = (iy-] = 0, given]
t=0

dt

or, L{y] = (p2 i 1)(p2 +9)

Taking inverse Laplace transform of both sides, we have,

3 3 1 1 3 1 1 3
_1-1 =L 1= - = L - gL
y(&) =L {(p2+1)(p2+9)} L {8(p2+1 p2+9)} g - {p2+1} e {p2+9}

3 . 1 . 1 ) .
=i sint — 3 sindt = 3 (3sint — sin 3t),

which is the required solution.

W/ Solve the initial value problem using Laplace transform :

2
% + 4x = sin 3¢, x(0) = 0 and «7(0) = 0.
Solution Here the given differential equation is
2 A .
d°x | "

2t 4x = sin 3¢
Taking Laplace transform of both sides of (1), we have,

d‘Z
L‘I: + 4L{x) = L{sin3¢)

OI;, 2L e — 4 i
p°Lix} - px(0) — x’(0) + 4L{x} = — T
8 [where x = Lix} and since x(0) = x'(0) = 0]

p2+9

or:(p2+4)E —p~0—0 =

or, X = 3 _3[_ 1 1
(p2+4)(p2+9) 5| p?+4 pe+9
Taking inverse Laplace transform of both sides, we have,

)= 3| | o)L :E[l' ot — Lsi 3t]
5[L {p2+4} L {p2+9 2 2sm 3sm

1 . .
55 [3sin2t — 25in3t]

Which is the required solution of the given differential equation.



172 | Fundamental Mathematics

4
m Solve the boundary value problem :

d
(D + 1)%y = ¢, given that y = -3, when £ =0 and y = -1 when ¢t =1 and D = —.
[CP 2020]

Solution Here the given differential equation is :
M+1%=tie,(D2+2D+1)y=¢t
Taking Laplace transform of both sides of (1), we have,
L{D?y} + 2L{Dy} + L{y} = Lt}
1

or, [p?Liy] = py(0) - y'(O)) + 2[pLiy} - y(O)] + Liy) = —

(1)

—

or, P2+ 2p + 1)y —p-(-8)-C-2:(-3) = =
p

where y = Ly}, y(0) = ¢, say and y(0) = -3, given

or, p + 1%y = % +c—-6-3p.

D
1 c 3p+6 ‘

= mp - ... (2)

p2(p+1?  (p+D?  (p+1)?

Taking inverse Laplace transform of both sides of (2), we have,

_ 1 = c 1[38p+6
B
4 {pz(p+1)2} * {(p+1)2 (p+1)?
1 12 2 1 3 3
=11 —— L! _L—l{ }_ -1
L {(p+1)2 p? p+1 P}+c {(p+1)2} p+1 al (FyeT:

e 1] g2l )1 _oyp-1{—12
=L {2} L {p} L {p+l}+(c 2)L {(p+1)2}

p

1 1
=t-2- e"'L’l{;} + (c - 2)e“{‘p?}

=t—-2-etl+(@c—-2)ett
=t—et+(—2te? -2 e (3)
Using the boundary condition y = =1 when ¢ = 1, we have from (3),
1=1-el+(-2e!-2
or,c —2=1givingc = 3.
substituting ¢ = 3 in (3); we have the required solution as
yt)=t—et+(B-2te? -2 ie,yt)=et-1) +t-2

or, ¥y =

2
Wf Solve by using Laplace transformation, the equation i% + 2% + 5y =
dt ¢

e~'sint, given that when { = 0,y = 0 and 5’-— = 0, [CP 2016, 2008]

Solution Here the given differential equation is

dzy é__y- o
7l +2 + by = e”'sint yis 1L
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_——“"-_—_7 .
Taking Laplace transform of both sides of (1), we have,

[dy+2 y+5y] Lie'sint) or,L[dyl+2l +5L[y}=—1——
(p+1)7%+1
g 1
f [P0 - @ = 2| |+ 20pLiy) —5(0) + 5L =
0 [p dit t=0 b’ p2+2p+2
oF, (p+2p + 5)Liyl = — L [using initial conditions]
p“+2p+2

1
L =
or, Lb) (p? +2p+2)p* +2p+5)
Taking inverse Laplace transform, we have,

®=L" : =l‘1{ L
Y (p2+2p+2)(p¥+2p+5)| 3 (p+12+1 (p+12+4

e__t_ Lt 1 | g0 1 . 5
=3 21 - o2 +d [using first shifting property]

—1

: sin2t] - et
= —e-—[smt — ] = % [2sint — sin2t]

3 2
which is the required solution.

W[ Solve the initial value problem using Laplace transform :

d

D2 + 2D + 5)y = e”'sint, y(0) = 0, y’(0) =1 and D = €

Solution Here the given differential equation is
(D2 + 2D + 5)y = e”*sint e {1}
Taking Laplace transform of both sides of (1), we have,
L{D%} + 2L{Dy} + 5L{y} = L{e”*sint}

or, [p?Liy} — py(0) —y'(0)] + 2[pL{y} - ¥(0)] + 5L{y} = T 1+ 7 [using first shifting property]
+(p
or, P> +2p +5)y —p-0-1-2.0= —Tl—— [using initial conditions and y = Liyl]
p“+2p+2
_ p2 +2p+3

or, p> +2p + 5)y = 1 +

p2+2p+2  pP+2p+2
or, y = p*+2p+3 A 4 (p+1)° +2

(PP i2p+2pt+2p+5)  ((p+DP+1I(p+ 17 +4)
Taking inverse Laplace transform of both sides, we have,

2 2
¥t) = L‘l{ (2’" +1)7+2 = e"L'l{ 5 P +§ } [using first shifting property]
[(p+1?+1][(p+1)? +4] (p? +1)(p° +4)

] -t
=e“L"1{3( 1 - 2 _ e |1t 1 |y 22 = £ (sint + sin2t)
PP+l p?+4 3 p?+1 p° +4 3
-t

Hence the required solution of the given differential equation is y(t) = -%— (sint + sin2t)
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2
f Solve 22 4 2% y = 3te™, given that y(0) = 4 and y'(0) = 2 by Laplace

di? dt
transformation. [CP 2018]

Solution Here the given differential equation is :

d?y . (1)

ey 2 +y = 3te™!
Taking Laplace transform of both sides of (1), we have,
d2
L~ 2— +y} = Ligte™)
or, L[ °y ] 2L[ ]+ Liy} = 1)2 [using first shifting property]

3 .
or, p®L{y) — py(0) - y'(0) + 2lpLLy} -y} + Lyt = —= :
or, P2+ 20 + 1)y —p4—2-24= o lusing initial conditions and ¥ = Li{y}]

P+ ' g
’ 1 2y =
or, (p + 1)°y 17 +4p + 10
or, y = 3 . 4p u,5.510

+ +
(p+1)* (p+1)? (p+1)?
Taking inverse Laplace transform both sides, we have,

3 4p 10 3 4 6
—71-1 + + — —1-1

3 6
_71-1 -1 -
=L {<p+1)4} +L {(p+1)2}"

3 6 4
=¢L! {;; G 7 ;2" + ;} [using first shifting property]

t3 e’
=et| 56144 = 7[1&3 + 12t + 8]
which is the required solution.

mf Solve the following differential equation by Laplace transform :

d_zy_ _o%y - 3y = tcost; given that y(0) = 0 = y'(0).
dt dt
Solution Here the given differential equation is
d?y d
? - dt — 3y = tcost e

Taking Laplace transform of both sides of (1), we have,
d%y dy
{ ] 2L[ 57 } 3L{y} = L{tcost)
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or, p2LIy) — py(0) = ¥'(0) = 2pLiy} + ¥(0) - 8L{y} = - El(_iﬁ [L{cost)]

= d P o E =
or, p2=2p=3)y =p-0-0+0=- o {“ pz} [using initial conditions and y = L{y}]

=3 p2_1

Dp-3)y =

or, (p + D@ -3y 1+ p2)2
1

oy = p- 1 2 8 1 " 1. p 2.1 0 L...p
: (p-3)p*+1% 60 -p-3 B0 p?41 B0 p2i1 B (pP+1? 5 (pP+1)?

Taking inverse Laplace transform from both sides, we have,
1,/ 1 } 3 1)l 1. ogfop
()= =L —} - =L {—— - — 5 - -
Y0 =55 {p—S 50 {p2+1 50l | p2e1)

2
5
1.4 2P
~ 5 L (p% +1)? - (2)

1
We know that, L’l{ ) } = sint and L‘l{ 2p } = cost.
p-+1 p°+1
| p _ tsint
Alsotl {(p2+1)2}_ 2

To find L‘l{

5—— by convolution theorem, we have,
(p©+1)

)1 Y S SR S (N P _ N
g {(p2+1)2} = 1+p? 1+p? -—josmxsm(t—x)dx[smce]_, 1+ p2 = sin¢]

1 ¢t 1 [1: é
5 Jo [cos(2x — t) — costldx = 2 [Esm(2x —t)—xcos t] -

1/1 . 1 . | P
=3 (Esmt—tcost + Esmt) = E(smt—tcost)

Using above results, we have from (2),

31 .
. )
yt)= & _ 3sint _ cost 2 : (sint — tcost) — 1 Lisint

50 50 50 5 2 5 2
3t )

. e 3sint cost 1 . |

= —— . °osar  DOhE _ — — t — tcost
= = = T tsint + = (sin cost)

which is the required solution of the given differential equation,
mf‘! Solve the initial value problem using Laplace transform :

d
(D? - 1)y = acoshnt; given that y(0) = 0, y'(0) = 2 where D= qr

Mﬁ@ﬂ Here the given differential equation is
(D? -~ 1)y = acoshnt w (1)
Taking Laplace transform of both sides we have,
LAD? - 1)) = Liacoshnt) or, L{D%) — Liy) = aLlcoshnt)

M
o P°Liy) - py(0) - y(0}) - Liy) = ;72—[)_-:7
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or, P2 - 1)y - p0-2=_2 [using initial conditions and y = L{y}]

2 2
P —n
- 2 ap 2 a p p
or, y = + = + -
p2_1 (p2_n2)(p2_1) p2_1 n2_1{p2_n2 p2_1

Taking inverse Laplace transform from both sides we have,

_ 2 a
@)=L 1{ } + T D VIl By 2o
Y P21 2 _1 oF 2 21
= 2sinht + — (coshnt — cosht)

2
which is the required solution of the given equation.

n® -1
m[ Using Laplace transformation, solve the following initial value problem

2
_'Ztg + 4y = 4H(¢ - 2) with y(0) = y’(0) = 0 where H(f - 2) is the Heaviside unit

step function.

Solution Here the given differential equation is

2
% + 4y = 4H(t — 2) | | - (1)
Taking Laplace transform of both sides of (1), we have,
d?y - d%y ' -
L{S5 +4y| = Li4HE = ) or, L{Z3 | + 4Ly} = 4L{HG - 2)
— — e_2p —
or, p?y — py(0) —y’(0) + 4y =4 5 [where ¥ = Liyl]]
— e 2P y
or, p? +4)y —p0-0=4 [using the initial conditions]
- e2P
-1 4 e-2p
Therefore, y(t) = L ey G ... (2)
4 2 ¢
-1 o 2L—1{—} Al 2 . i 4)!
Now, L {—_p(p2 +4)} KR+ 4) _[0 sin2tdt = 1 — cos 2¢.
4e7%P
Hence L™1{——=—— = [1 - cos2(t — 2)]H(t - 2)
p(p°+4)

So from (2) we have,
y(t) = [1 — cos2(¢ — 2)]H(t — 2) which is the required solution.

mi Solve the following initial value problem :

2
% - % + 2y = 4¢ + €%!; given that y(0) = 1 and ’(0) = -1,
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— . 3 : :
solution Here the given differential equation is
Solution

2 )
d’y _gd +2y =4t + e
di’ dt

Taking Laplace transform of both sides of (1) we have,

[_‘fb_ - 3gzl

or, L[%

or, [p2Lly) - p3(0) - y'(O)] - 3[pLiy} - y(0)) + 2Ly} = 2 4 2

o (1)

+ Zy] = L{4t + 831,

] N 3L[% + 2L{y) = 4L{#) + Lie™)

2 4 B¢
- 4p-
o, (pz -3p+2)y-pl+1+31= —22(;2;31;

[where y = Liy} and y(0) = 1, y'(0) = -1, given]
-2 6
01‘,(p-—1)(p—2)y =p—4+ M

p*(p-3)
- _ p—-4 p+6 .
oY= 5o ¢ Ts— [Assuming p # 2]
3 2 p+6
= - + o (2)
p-1 p-2 pX(p-3)Xp-1)
Let 525 4,8, C , D
p"(p-3)p-1) p p p-1  p-3

where A, B, C, D are four constants to be determined.
_ Ap(p-1Xp-3)+B(p-1)(p-3)+Cp*(p-3)+Dp*(p-1)
- p2(p—-3)p-1)
or, App -1)(p-3)+Bp-1D(p-3)+Cpip-3)+Dp*p-1)=p +6
Putting p = 0 in (3) we have,
3B = 6 giving B = 2
Putting p = 1 in (3) we have,

p+6

or, —
p (p-3)p-1)

- (3)

C(1—3)=7givingC=—%
Next, putting p = 3 in (3) we have,

18D=9givingD=%

Finally putting p = 2 in (3) we have,
A-2:1.(<1) + 2. 1-(-1) - %.4-(—1) + %-4-1 =8

Or2A-24+144+2= 8 giving A = 3.
Hence from (2) we have,

T S I

pP-1 p-2

1

p-3

E 2
+ —

p

4

=]
by ] =

S S
p-1

T

ung
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Taking inverse Laplace transform of both sides we have,

-— -1 _..1_} -1 1 =1 1 -1 1 1 _1{ 1 }+
y(t)—3L {p-l - 2L p_—i + 3L {;}-&-2]-_4 {'p—z‘}—zL p-1

N | =
|
—

—t—

S

| |-

VY]

e —

1
or, y(B)= -5~ 2% + 3+ 2+ To¥ = (¥ ) 2" + 2 +3

which is the required solution of the given differential equation.

g . ) . :
{ Solve the following system of simultaneous differential equations using

Laplace transform :

E"3’=0«':lnd %+x=0giventhatx=ﬂandy=1att=0.

dt

Solution Here the given system of differential equation is :
4% ik e (D)
a =0

Y . 2
and 2 tX= 0 . (2)
Taking the Laplace transform of (1) we have,
dx

L{&} - Li) = Lo}
or, pLix} —x(0) - L{y} = 0
or,px —0—y =0 [where x = Lix}, y = L{y} and x(0) = 0, given]
v (3)

or, y =px
Again taking the Laplace transform of (2) we have,

L{%} + Lix) = L{0}

or, pL{y} —y(0) + Li{x} = 0
or,py —1+ x =0 [since y(0) = 1, given]
or, p2x — 1+ x = 0 [using (3)]

or, x = :
’ 1+p2
Taking inverse Laplace transform, we have,
1
=L = sint
ec {1+p2}

Again from (3) we have,

V=px =
y=p 1-&-p2

Taking inverse Laplace transform, we have,
= P
£) =171 = cost
i {1 +p° } |
Hence the required solution of the given differential equation is : x(¢) = sint. y(#) = cost
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Solve the following system of simultaneous differential equations using
Laplace transform :

dx y = sint and -3—‘: + x = cost given that x(0) = 2 and y(0) = 0.
dt

solution Here the given system of simultaneous differential equation is :
Soluliolt

ax +'y = sint | .. (1)

dt

dy

hat R = cost ... (2)
and ot +Xx

Taking Laplace transform of (1) we have,

L{%} + L{y) = L{sint} or, pL{x} - x(0) + L{y} =

or,px +y —2=

1
1+ p2
[where x = Lix}, ¥ = L{y} and x(0) = 2, given]

1-1-p2

.. (3)

_=2— E +
Orsy p 1+p2

Again taking Laplace transform of (2) we have,
L{%} + L{x} = L{cost}

or, pL{y} —y(0) + L{x} =

1+p2

or,py -0+ x = P 5 [since ¥(0) = 0, given]

1+p
— —_ p Fy ’
or,p|2-px + +x= [using (3)]
p[ p 1+p2] 1+p2 &
or,1-p9% +2p + —£— = L
P P 1+p2 1+p2

Or F = s i b o . (4)
p2-—]_ p-1 p+1 ‘

Taking inverse Laplace transform of (4) we have,

x(t) = L1 -1— + L1 —1— =t +e .. (8)
p-1 p+l
Again using (4) in (3) we have,
y=2__P P 1 1 1 1 . (B)

- + =
p-1  p+l  1+p® 1+p* p+l p-1
Taking inverse Laplace transform of (6) we have,

S o R P B o e

Combining (5) and (7), we have the required solution as follows :
xt)=e' + et

Y(t) = sint + e~ — ¢t
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mf Find the general solution of (D? + a®y = 0 and verify it.

Solution Here the given differential equation is (D% +a?y =0
Taking Laplace transform of both sides of (1) we have
L{D%y) + a2 L(y) = 0 or, [p2L(y) — py(0) — y'(0)] + a®L(y) = 0

or, (o2 + a2) L(y) = c1p + ¢, where y(0) = ¢; and ¥'(0) = c3
LW . (2)

e (D

c1p+c
or, Ly} = 2—2=c¢;. 2p 5 +C2. 3
p ta D +a p ta

Now taking inverse Laplace transform of both sides of (2), we have

- D -1 1 Cz N
() = c; L1 +co L = ¢ cosat + —= sinat
y 1 D2 ral 2 2ral 1 -

= ¢ cosat + cgsinat, where ¢g = —

Hence the required general solution is
y(t) = c;cosat + cgsinat, where ¢, and c¢3 are two arbitrary constants.

To verify :

Now differentiating (3) twice with respect to ¢’

we get y” = — a’c, cosat — a’cysinat

Now, D% + a%y = y” + a’y = — a®c;cosat — a®cgsinat + a’(c; cosat + csinat) = 0,

which satisfies (1). So the general solution is y = cjcosat + cgsinat.

E{’r Solve using Laplace transform :
2
d°X | a?x = g(t) given that x(0) = x’(0) = 0 and a > 0.

—_—

dt®
Solution Here the given differential equation is

2
%zf +a?x = g(t) . (D

Taking Laplace transform of (1) we have,
dzx 2 _
L 2 + a*Lix) = L{g(t))
or, p?Lix} — px(0) — x"(0) + a?L{x} = G(p) [where G(p) = L{g(t)}]
or, (@ + p2)Li{x} — p-0 — 0 = G(p) [using x(0) = '(0) = 0]

__Gp _1._ ¢
or, L{x} = g i B p)

i.e., Lix) = = Lisinat) L{g(®)
Taking inverse Laplace transform, we have,
1= o N _ 1 et L
x(t) = a L~ (Lisinat) Ligt)} = a J-Osma(t —x)g(x)dx [using the convolution theorem]

which is the required solution of the given differential equation.
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mﬂr Solve the following differential equation by Laplace transform :
(D? - 2aD + a®)x(t) = fit) where D &d? %

_s‘gjgﬁgn_ Here the given differential equation is :
(D? - 2aD + ad)x = At) @D
Taking Laplace transform of both sides of (1) we have,
L{D%]} - 2aL{Dx} + a®L{x) = LiA))
or, p?Lix} - px(0) — x(0) — 2a[pLix} - x(0)] + a®Lix} = F(p) [where F(p) = LX)}
or, (p2 - 2a + a®x — pCy — C; + 2aCy = F(p)
: [where x = L{x) and x(0) = Cy say; x(0) = C4, sayl]
or, (p — a)?x = F() + pCy + C; — 2aC
-y rCo = o Cl—2a(230 L5 F(p)2 _ G 3 C; -aCy " F(p)
(p-a) (p—a) (p-a) p-a (p-a)? (p-a)®
Taking inverse Laplace transform from both sides, we have,

_cogp-ti 1 _ syl 0 1 1/ _Fp
x(t) = CoLL {p_a} + (Cq — aCy)L {(p—a)z + L (b—a)
= Cpe® + (Cq — aCq)te® + LYL{A#)} Lite®})
= Cpe® + (C; — aCplte™ + L: (t — x)e®¢ ~®fx)dx [using the convolution theorem]

= Coe® + Cyte™ + &% [!(¢ — x)e™*flx)dz, where Cy = C; — aCy

ie., x(t) = e[Cy + Cyt + [ (¢t — x)e™*flx)dx]
which is the required general solution with Cy and C, are two arbitrary constants.

mj Solve by Laplace transformation :

d’y dy n _
? +6—d—x + ].Oy-"-O)y(O) = 195’(‘4—) = \/E' [CP 2020]
Solution Here the given differential equation is
-y (D

d
7 *6 +10y=0

Taking Laplace transform of both sides of (1), we have

d? d
) e | ay h
e +6 2+ 10y] = L{0)

or, L{j—}} + GL[%] + 10L{y) = 0 [using linearity property]
or, (pLiy) - py(0) - y'(0)} + 6lpLiy) — y(O)) + 10L{y) = 0

(since L) = p*LIADI — p"0) - p"2f(0) = ... = £ (0]
or, (p? + 6p + 10)L{y} — p-1 —a — 6-1 = 0 [since y(0) = 1, given and y’(0) = e, say]

or, L{y) = pta+6 (p+3)+(a+3)
p2+6p+10 (p+3)2%+1
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Hence y(x) = L-l{(p et b U 3)} = C%L—I{M} (By first shifting property]

(p+3)%+1 p?+1
~ +(@a+3)L! {-—1—} = ¢~ ¥[cosx + (a + 3)sinx]
P2+1 p°+1

To determine a, we have from above,

Y [%) =&t [cosz+(a +3)sin (4 )] J2 [Using the boundary condition]

3n 3z
or,a+4=2e4 givinga=2e* —4

3z )
Hence the required solution is : y(x) = e *[cosx + (2e 4 — 1)sinx]

E"‘i Find L‘l{ R z " 2 4} and hence solve (D? + 2D + 1)y = 3te™, given
s+1 (s+D* (s+D
[CP 2020]

y=4,Dy=2whent=0and D= "

Solution Using the first shifting property, we have,

L—l{ R S } _tL_l{ +£+3} ‘t[4L ( )+6L_{ }+3L { }:|
s+1 (s+1? (s+1* s s st s? st

2 £3 i 2 n!
=e’|4.1+6t+3 [since L o =t

—t

= 32_[t3 + 12t + 8]
4 6 3
+ +

s+1 (s+1)?% (s+1)*
Now, the given differential equation is :

(D? + 2D + 1)y = 3te™
Taking Laplace transform of both sides of (1) we have,

-
Therefore L'l{ } = % [£3 + 12¢ + 8] .. (1)

L(D? + 2D + 1)y} = Li3te!} or, LID%)} + 2L{Dy) + L{y} = _3:‘_[ 1 ]

ds\s+1
or, {s2L{y} — sy(0) — Dy(0)} + 2{sL{y} — y(0)} + L{y} = —3 .
(s+1)
2 _ _ 3 e,
or,(s*+2s+ 1)L{y} -45-2-8 = T [Using initial conditions]
3

or, (s + 1)°L{y} = 4(s + 1) + 6 +
T LY) (s+1)?

4 6 3
" 5+
s+1 (s+1)° (s+1)?

or, L{y} =

4 6 3 B
H t) = L’l{ + = =
ence y( ) = (8+1)2 + (s+1)4} = B [t + 12¢ + 8] [U.Sing (1)]

which is the required solution of the given differentia] equatio
n.



